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Mathematics in Primary Years

A discussion paper for the Rose Review of the Primary Curriculum

The Advisory Committee on Mathematics Education (ACME www.acme-uk.org) is an independent committee, based at the Royal Society and operating under its auspices, that aims to influence Government strategy and policies with a view to improving the outcomes of mathematics teaching and learning in England and so secure a mathematically enabled population.

ACME has been asked by Sir Jim Rose to assist him in considering the wider aims of mathematics education in primary schools to support him in reviewing the National Curriculum for Key Stages 1 and 2. This report is intended to provide him, and other stakeholders involved in the development of the new curriculum, with a view of the important issues surrounding primary mathematics today.

This paper firstly discusses the contribution that mathematics makes to the wider aims of education and then explores the specific aims of primary mathematics.

In developing and reviewing the present mathematics curriculum for primary pupils ACME feels it is essential to reconsider the ‘big ideas’ that underpin what is taught in mathematics. In the section that follows, we present these ‘big ideas’ to form a key message for those involved in the review.

Finally, we discuss the issues surrounding the content and process of a new curriculum in the light of the present one and highlight some areas that need special consideration.

It is the intention that ACME will present additional material on expectations which will follow at a later stage in the Rose Review.

The contribution of mathematics to educational aims

The wider aims of education are traditionally categorised as:

a)
To serve the maintenance and progress of society, relating to culture, community and the economy,  at an international, national, regional and local level;

b)
To develop in individuals those attitudes, skills, knowledge and understanding which enable them to contribute to and to flourish in society at each of these different levels;

c)
To develop the personal skills, capacities, satisfactions and enthusiasms of individuals which contribute to their enjoyment, self-esteem, and sense of well-being.

Mathematics has occupied a relatively high proportion of curriculum time because of its contribution to the first two of these aims. In particular it has a key role in underpinning many aspects of our economic and technological development. Indeed it is an important aspect of the development of our culture more generally. Correspondingly individuals need mathematical knowledge, skills and understanding to engage in further study, in many types of employment, in their personal everyday lives and in their role as active citizens. 

The Smith Inquiry into mathematics teaching post 14 affirmed the importance of mathematics as:

“Mathematics provides a powerful universal language and intellectual toolkit for abstraction, generalization and synthesis. It is the language of science and technology. It enables us to probe the natural universe and to develop new technologies that have helped us control and master our environment, and change societal expectations and standards of living. Mathematical skills are highly valued and sought after. Mathematical training disciplines the mind, develops logical and critical reasoning, and develops analytical and problem solving skills to a high degree.” (Smith, 2004)

It is noticeable that a recent Home Office list of occupations where there are skill shortages and economic immigrants are welcome lean heavily towards numerate occupations, including engineers, surveyors and physicists, mathematics and science teachers, and even ships officers and theatre nurses. Thus the need for mathematical expertise in a world dominated by computer technology is growing rather than diminishing

However we should not ignore the attitudinal aspects of the third aim since, like art and music, mathematics can provide pleasure both in aesthetic appreciation and in performance, especially at the moment when ideas are seen to come together, in the solution of a difficult problem or in the achievement of a significant new understanding. Even mastery of new knowledge, like success in recalling multiplication tables, is often at this age a cause of satisfaction and self-esteem.

The specific aims of teaching mathematics in the primary years

For many years now one could be forgiven for thinking about educational aims of any phase of education as based on the attainments of pupils at the end of each Key Stage. The league tables, so commonly associated with measuring outcomes, have become synonymous with purpose of educating our pupils in 

both primary and secondary schools. We are in danger, particularly in the case of mathematics (but also in English and Science) of forgetting the qualitative outcomes of learning such a discipline.

The aim of learning mathematics in primary schools is not to achieve a Level 4 at the end of KS2. It is much more than that and the outcomes far more difficult to measure.

The more utilitarian aims like contributing to the economy may seem a long way ahead of children in the early years, but all our research and experience suggest that for most children mathematics takes a long time to learn, so that they need to start early building up their knowledge and skills, as well as positive attitudes, to form a basis for later learning of mathematics and the other subjects which depend on it. So perhaps the key aim of learning mathematics must be to ensure that pupils leave primary school with the basic numerical, spatial and logical skills to enable them to access the whole curriculum in the next phase of their education.

Luckily however there are also many places in the everyday life and natural interests of young children where they encounter mathematical ideas. They need mathematical skills to satisfy their urge to function independently, for example in dealing with time, money, and the logic which underpins the use of all types of technology in the home. Playing games is a major activity in young children’s lives, and numerical, spatial and logical ideas are the basis of many puzzles, sports and games, not only computer games but also, for example, scoring rules and league tables. Other characteristics of primary children include a curiosity about the world; many non-fictional sources of information incorporate representations of numbers, maps and diagrams, and statistics. In particular within the current primary curriculum, mathematical ideas and techniques, especially measurement and statistics, but also geometrical concepts, are required in science, art, D&T, and geography. And even some fiction incorporates magical and fantasy references to numbers, space and logic (Roald Dahl, Lewis Carroll) which attract children’s imagination. Such examples demonstrate that the purposes of learning mathematics for primary pupils can be immediate as well as long-term, and often relate to distinctive characteristics and interests of children of this age-group.

As a society there needs to be a greater emphasis on appreciating mathematics for its own sake alongside the more narrow view of mathematics as set of skills to be learned and facts to be known. This means there should be emphasis on teaching for understanding about mathematics as well as teaching for doing mathematics. This emphasis is something which is lacking in many of the teaching objectives provided in the two versions of the Framework for Teaching Mathematics (DfES 1999/DCSF 2007) that have guided primary teachers’ planning in recent years. Appreciation includes knowing something about the nature of the subject and its development, and its current major role in society. While some of this can wait until the secondary years it is appropriate by the end of the primary school that children know about the practical reasons why measures and numbers evolved, and that the system of numeration we use is in itself arbitrary but is the best of many which evolved separately. They should be broadly aware of some of the ways mathematics is used in the physical and medical sciences, engineering, computing, finance and business.

Other aspects that lead to an appreciation of mathematics that are of particular significance in the primary years include a curiosity about numerical and geometrical ideas and a fascination of number and spatial patterns, and an enjoyment of a challenge when investigating and solving mathematical problems and 

puzzles, whether they occur in real life situations or are entirely abstract. Even 5 year-olds can be fascinated by notions like very large numbers and infinity, or by spiral patterns. Capturing their interest in these first years of schooling will be laying the foundations for students wishing to continue to learn mathematics beyond 16.

Putting some of these ideas together suggests some aims for mathematics education in the primary years. Noted also is how these contribute to the general aims of education listed at the beginning. 

1)
To develop as far as is possible children’s mathematical skills and understandings and their positive attitudes to mathematics, so that they can build on these foundations in their learning of mathematics and subjects dependent on it at secondary level, in FE and HE and throughout their lives. This will help to provide society, from the local to the global context, with the requisite mathematical knowledge and skills for development of culture, community and the economy. Demands are at all levels from research mathematicians and high level scientists, engineers or financiers to more routine workers, carers and educated citizens (see general aim (a)). These skills, understanding and attitudes will assist individuals to thrive in society, both inside and outside work. (See general aim (b)). 

2)
To develop children’s mathematical attitudes, skills and understanding so that they can recognise and use mathematics in their own lives inside and outside school, for a variety of purposes. (See general aim (b).)

3)
To enable children to gain enjoyment and self esteem through learning and doing mathematics, and pleasure from their ability to use it to solve problems. (See general aim (c)).

4)
To develop children’s appreciation of the nature of mathematics, how it developed as part of society, and how it is used today in different ways in our culture and economy. (See general aims (b) and (c).)

It is relatively easy to specify aims for primary mathematics; the problem is in deciding the relative weighting of each aim, which will vary across different ages and different children.

‘Big Ideas’ for Primary Mathematics

The ‘Big Ideas’ in primary mathematics are often overlooked these days in favour of specific lesson objectives that are measurable and easily assessable. However many of the skill that are taught or exist in the curriculum can only be learned if the teacher has a deep understanding of the conceptual ideas underpinning what is being taught. In KS1 and KS2 there are a number of major concepts that teachers 

should understand and that should underpin the teaching and learning of mathematics in primary classrooms.

These ‘Big Ideas’ include:

· Place Value and the Number System

· Conservation of number and measures

· Equivalence Relations

· Dimensionality

These are explored in detail below.

Place Value and the Number System

As a broad overview, children need as part of everyday life to be able to identify numbers, understand the number system and solve problems, choosing the appropriate number operations and using them accurately, and to estimate numbers and quantities. These numbers can occur simply as labels (bus numbers, car registration numbers, mobile numbers), but sometimes the order is important (house numbers). Whole numbers acquire greater meaning as measures of the size of a set of objects or people. A number system using place value allows larger numbers to be understood, represented, manipulated and approximated. Number operations first emerge as concrete operations relating to combining, splitting and relating these sets. Numbers can also act in more complex but still essentially similar ways as measures of money. Later the number line can be extended to include rational numbers  in fraction and decimal form, and in some cases also negative numbers, as measures of continuous quantities like time, length, temperature, weight, volume, liquid capacity, speed and so on. Comparisons of different quantities require fractions, decimals percentages and ratios.. Number operations are generalised to operate on measures of continuous quantities expressed as decimals and fractions, in order to relate quantities and to calculate rates and ratios. Geometrical terms and diagrams are needed by children to describe and understand location and movement, shape and size. Finally statistics provides ways of gathering, presenting, analysing and interpreting data to solve real-life problems, and probability is a way of analysing and presenting uncertainty and risk; both of these pervade our media. 

The learning of number concepts is fundamental to becoming fluent in numerical calculation. In early number development, counting when going up stairs or steps leads to the notion of numbers as ordered, the property of ordinality, with ‘four’ always coming after ‘three’.  Counting objects involves also understanding that the last number of a count of objects denotes the set’s magnitude or value. This concept is know as cardinality of number. The acquisition of such concepts do not require pupils to read or write numerical symbols. Reading and writing large numbers requires knowledge and understanding of our number system. Understanding place value is a concept that is too often undervalued with insufficient time given to 

developing it before moving pupils on to calculating with numbers. At its root are the concepts of conservation, partition and equivalence; instead of simply naming all individual numbers with arbitrary names and symbols as we do for the numbers 1 to 9, we choose to re-arrange and partition numbers into equivalent sets of ten with remaining ones, then for larger numbers still, every ten sets of ten are combined into a set of a hundred, and so on. In our written representation a number like 305 means that the 3 is equivalent to 3 hundreds (and also to 30 tens), the zero indicates no remaining sets of ten but the 5 shows 5 remaining ones.

Conservation of Number

Underpinning the re-arrangement of numbers by partition is the concept of conservation of number, i.e. the understanding that a set of objects can be rearranged but the magnitude remains unchanged. Conservation of number and equivalence are also essential to developing a conceptual understanding of the laws relating to operations – commutativity (e.g. a+b = b+a), associativity (e.g. a + [b+c] = [a+b] + c) and distributivity (e.g. a x (b+c) = (axb) + (axc). Intimate understanding of these laws assists efficient calculation, for example adding 3 to 19 is easier than adding 19 to 3 but has an equivalent result, multiplying 43 by 7 can be partitioned into multiplying 40 by 7 and 3 by 7 and adding the results. While the names of the properties are not needed, children need to come to understand that neither subtraction nor division is either commutative or associative, and that distributivity only works for multiplication over addition.

Equivalence Relations

Equivalence is not as easy an idea as it seems. From an early age pupils find it easier to observe differences rather than ‘sameness’. This is often the case when asking young children ‘what’s the same about…’ when they answer with a list of differences. The ‘equals’ symbol is often identified in early (and later) mathematics as ‘makes’ (2 added to 3 makes 5), indicating a place next to which to write an answer to a mathematical calculation. A firm grasp of equivalence as a symmetric relation (a=b therefore b=a) will mean that sense can be given to a statement like 5 = 3+2, which is often rejected by children. Since a=b and b=c implies that a=c, equivalence is also transitive, and reflexive (a=a) though not all transitive relations have all the properties of equivalence (a>b, b>c, therefore a>c, but a>b does not imply b>a, and a>a is false) 

These ideas which relate to numbers and number operations can often be extended to other areas of mathematics at all stages of learning. For example symmetry is a very powerful mathematical concept that is relevant to geometry and algebra, and is has many applications in science and engineering. Conservation can be applied to measures. For example in understanding that a fixed quantity of water occupies the same volume irrespective of the container it is in. Or that the fixed mass of an object remains unchanged irrespective of its shape. Or that a quarter of an hour is the same amount of time whether it is from 3pm to 3.15pm or from 3.10pm to 3.25pm etc. Similarly equivalence relations can be applied to shape, space and measures. Understanding conservation and equivalence will enable pupils to switch easily between units of 

measures. And the idea of measure itself, providing a mapping from physical quantities onto the number line which obeys certain properties, is another concept that becomes broadened and extended throughout mathematics, probability and statistics, with strong applications in science and the social sciences. Infinity and boundedness arise in the context of large numbers, but connect to scientific questions about time and space and the universe. Infinity later appears also in relation to the very small (e.g. 0.00000001, etc) with links to nanotechnology and sub-atomic particles.

Additive and multiplicative structures can be applied to many problems in the real world (classically to growth of population in comparison to food supplies). These include the generalisation of multiplication from discrete 2-dimensional arrays to continuous areas and to arrays and volumes in 3-dimensions and even beyond. 

Dimenionality

Dimensionality is of course a key idea in relation to geometry and measurement, with one coordinate needed to locate a point on a 1-D line, two co-ordinates for a point on a 2-D plane or surface, and 3 co-ordinates for a point in 3-D space. Where lengths are measured in cm, areas will be in cm2 and volumes in cm3. In geometry also children first meet the more generic idea of a transformation, which starts with shape and later extends to all areas of mathematics. 

Underpinning all of the content of mathematics curricula, primary as well as later stages, are ideas of logical structure and logical reasoning – sets and elements, intersections and unions of sets, variables mappings and functions, operations and their properties, structures, equivalences, implications and proofs. It would be inappropriate for most children to be aware of these very abstract ideas, but if the curriculum which determines the way mathematics is presented to children ignores them then there is a danger that mathematics will continue to be perceived as a fragmented toolkit of facts and procedures rather than as the powerful, abstract but hugely applicable and creative subject which it is. 

Content and process in the primary mathematics curriculum

There is broad satisfaction with the content of the current mathematical programme of study, although as noted above this could be expressed differently. It should continue to be set across the key stage, or even across two key stages, to allow for differing rates of progress. 

The curriculum currently rightly emphasises a utilitarian understanding of the number system and number operations, including integers (positive and negative whole numbers) rational numbers (decimals and fractions), ratios and percentages. It also rightly emphasises fluency in mental/oral calculation, the possession of some method of written calculation which children understand and can remember, and the ability to estimate and to use calculators sensibly. Measurement, statistics and probability are appropriately included with a focus on their usefulness, as are appropriate aspects of geometrical thinking which, as with number, is broadly utilitarian but must allow some space for aesthetics. 

The aspect which currently requires significant strengthening, however is the application of mathematical ideas, both to real-world problems and to interesting problems and puzzles within mathematics itself. Children need more practice in bringing together different aspects of their knowledge in tackling problems where the way ahead is not clear, and which may involve trying several different strategies before arriving at one that works. This lack is probably caused by the difficulty of setting such problems in national tests; this could be overcome by allowing teachers to contribute marks for problem-solving based on a bank of suitable questions with marking guides.

Because of the comparative lack of such problem-solving, there is an increased emphasis on mathematical processes in the new KS3 and KS4 programmes of study (under the headings noted earlier of  representing, analysing, interpreting and evaluating, communicating and reflecting). However we are concerned that traditional content needs also to be included to guide teachers on what should be taught; children cannot solve problems without this knowledge and understanding. If the content is much reduced, the tests will determine the teaching to an even greater extent than at present, especially if single level tests are adopted throughout Key Stage 2. 

Some of the practical problem-solving as well as the development of statistics and measurement can usefully take place in cross-curricular enquiry or in times allocated other curriculum subjects. However mathematical content and processes also need systematic teaching; it is difficult to see how there can be any reduction in the current time allocated to mathematics without some drop in standards.

The nature of mathematics and implications for the curriculum

Mathematics is sometimes described as a language, and it certainly contains within it features of languages: symbols and terms, together with grammatical and generational rules which allow these to be collected together into statements, which in the case of mathematics are based on tight logical argument. However mathematics is not only a language. Language enables the expression, communication and refinement of concepts and relationships: the mathematical concepts of three or fraction for example are represented by different arbitrary words in different languages. However the concepts and relationships expressed in the mathematical language are all themselves mathematical; thus mathematics encompasses both the conceptual domain and the language used to express it. These concepts are abstract in the sense that they do not correspond directly to objects or sets of objects in the real world, but are at the next level of abstraction or beyond. (For example a child may first identify as ‘cat’ only her own family cat , then the whole class of cats of differing sizes, shapes and colours, and only then a set of 3 cats, which correspond to a set of three dogs or three sticks.) 

While mathematical language can be used in areas like science and finance, scientific and financial concepts need first to be described in terms of abstract mathematical concepts like variable and function before the power of the mathematical language can be harnessed. 

Mathematics also contains its own literature in the form of sets of relationships, results and procedures; once a problem in science or finance is translated into mathematical concepts, items from this literature can be applied to solve the problems. 

This suggests that Mathematics is an inert body of knowledge to be absorbed and tested, but very importantly it is also a human activity which is creative and satisfying and incorporates dynamic processes, such as interpreting, representing, pattern-spotting, analysing, generalising, conjecturing, reasoning, proving and evaluating. Few of these are unique to mathematics although they occur in a unique form within mathematical activity. They will be discussed in relation to generic skills in a later section.

Learning English can be split into different aspects – learning the oral sounds form words used to signify different concepts, learning how oral words are joined together into phrases and sentences, learning how alphabetic written symbols are used to represent phonics and how oral words are recorded in writing (whether the spelling is phonetically regular or not), learning how to decode written language into spoken words, refining written and oral communication using conventions, structure and logical argument. Some of these stages e.g. learning to decode written language, can be tackled and achieved in a short period for a phonetic language (in English with its phonetic irregularity it takes rather longer and idiosyncratic pronunciations are collected over a lifetime). 

While there are some parallels between English and mathematics (number words and number symbols are arbitrary and their correspondence with the notions of the numbers one to nine have to be learned), in mathematics new and more complex concepts are constantly available to be developed, which are represented by new symbols and relationships, often building on and subtly refining the meanings of earlier ideas (from 3 to 300, -3, .3, 3/7 etc.). Mathematics thus has a strong hierarchical structure; it is rarely possible to take short cuts to learning complex aspects without first acquiring on the way more simple ideas. New oral and written language and symbols are learned alongside the development of the ideas they represent. There are thus no real distinct phases in learning mathematics, except that for each new concept the tactile, visual and oral generally precede the symbolic. 

This hierarchical nature does not mean that children should be introduced to one step at a time; they can be introduced to broad notions of more complex ideas at the same time as they are becoming fluent with more straightforward ideas and learning to apply in more complex situations methods they are already competent with. For example children may be within the same week tackling complex 2-step problems in addition and subtraction, developing their knowledge of different meaning of multiplication, learning some multiplication tables, and talking about whether different operations like addition, subtraction and multiplication are commutative. These ideas need to be linked together and the curriculum cannot afford to become fragmented.

Because of its abstract and hierarchical nature, mathematical ideas take a long time to develop for most children. While early number ideas like counting can be absorbed at home in the same way as language develops naturally, there is little suggestion that most of primary mathematics will be acquired either at home 

or in cross-curricular work; it seems to need systematic, frequent sessions before children acquire recall, understanding, skills and the power to apply these. Prior to the introduction of the National Numeracy Strategy some children studied mathematics for less than an hour a day, but the move to a daily numeracy hour seems to have been a key factor in raising standards. (The largest rise in results in the KS2 tests preceded the introduction of the Numeracy Framework and the 3-part lesson, but schools had already moved to daily lessons of around an hour.)

Working out the meanings of concepts and how they can be applied in many different situations in the real world, learning number bonds and procedures and also becoming fluent in using the corresponding language and symbols takes time and practice. It is possible that the learning time could be more productively used, for example by delaying some of the learning for some children until they are have a better grasp of more fundamental work, and by moving some children on a bit faster if they have already mastered the ideas. All the pressures more recently in the UK have been to bring curriculum topics down the age range for all pupils. However there are indications that this has not been very successful, and perhaps should in some cases, and/or for some children, should be reversed. It has led to the need for repeated teaching of the material over a longer timescale, and to a lack of self esteem among children who learn most slowly and whose results fell as a result of the Numeracy Strategy. Thus greater personalisation and more sensitive assessment could lead to greater efficiency and more productive use of time. 

Government policies seem to have been inconsistent in that whereas assessment for learning, assessing pupil progress and single level tests seem to recognise the different speeds at which children learn and the importance of differentiation, there still seems to be an emphasis on the uniform curriculum for each age group, the single objective for each lesson, and on whole class teaching.  Sometimes there seems to be an underpinning belief that children come in three types, the gifted and talented, the average, and those who are currently achieving below average but who with a little early intervention can be pulled into the average group. Instead we would suggest that central policy sets a broad agenda, similar to the current primary programme of study, but allows teachers more space to provide for the different interests and attainments of their pupils, with the understanding that each child is to be challenged.

The contribution of mathematics to creativity and to generic ‘thinking skills’

In the section on the nature of mathematics it was noted that mathematics was a human activity as well as a body of knowledge. It is important that primary children gain an insight into how mathematics is created and is used by doing mathematics themselves, and not just absorbing and practising it in routine artificial examples. 

The government report’ Excellence and Enjoyment: A Strategy for Primary Schools’ (DfES, 2003) set out to bring creativity back into the classroom through the development of the following ‘Aspects of Learning’.

· Enquiry

· Problem Solving

· Creative Thinking

· Information Processing

· Reasoning

· Evaluation

Mathematics when taught well can and should embrace each of these but, for many, mathematics is not seen as a creative discipline, particularly when the experience of learning and doing mathematics centres on the recalling of number bonds or times table facts, and performing repetitive algorithms until they are learned irrespective of whether they are understood. Learning to be mathematically creative may be achieved by engaging in practical problem solving tasks or mathematical problems or puzzles where there are various routes to achieving one solution. Additionally they should sometimes tackle investigations where there may be different end-points as well as different strategies.  Young children often come up with original ideas and connections when they think about mathematics, and sharing alternative approaches should be embraced to develop the creative elements that mathematics can offer.

Creative investigating and problem-solving in mathematics is importantly a good way to help develop mathematical concepts, and is also sometimes a useful vehicle for practising procedures. But additionally these activities involve problem-solving processes (or generic ‘thinking skills’) in mathematical contexts. Pupils have the opportunity to, for example:

· pose questions and queries; 

· select representations and strategies; 

· use their reasoning skills;

· prove or refute mathematical claims;

· reflect on and evaluate their work;

· developing resilience and persistence in order to reach a solution. 

None of these skills is unique to mathematics; although mathematics has a special claim on logical reasoning and proof, deduction is also used in other subject areas like science and English. All these skills are therefore transferable and valuable to all areas of learning, and some have already been identified in Excellence and Enjoyment as ‘key aspects’ of learning. 

In the new Key Stage 3 and 4 programmes of study for mathematics, a set of ‘key processes’ is listed under the generic headings:

· Representing

· Analysing

· Interpreting and Evaluating

· Communicating and Reflecting.

These headings overlap with the above list but the detail under each heading is more specifically mathematical. The headings and most of the detail would also be appropriate at Key Stages 1 and 2 but it may be preferred to select a set of generic ‘thinking skills’ which can be agreed by all subject areas. Mathematical detail can then as at KS3 and KS4 be filled in under the headings.

Further reading

Ernest, P.  (2003). Why teach mathematics?

Excellence & Enjoyment: a strategy for primary schools (2003) (http://www.standards.dfes.gov.uk/primary/publications/literacy/63553/pns_excell_enjoy037703v2.do) 

National Council of Teachers of Mathematics: Principles and Standards for School Mathematics (http://standards.nctm.org/document/chapter1/index.htm) 

Realistic Mathematics Education, work in progress (http://www.fi.uu.nl/en/rme/progress.html)

Smith Inquiry Report (2004) (http://www.acme-uk.org/downloaddoc.asp?id=59)

SERAD BY ACME
11

